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Abstract

In the note we sharpen the theorem of N.G.Gamkrelidze and show that under the 
conditions 11 - exp(c,k ')as k-,oo and n- ln?> 1十c2k-'for some c,,(2> 0and 0・'a∠ 

1/4and let f (,x)=∑y1.'cos21rffkx,then f (x)is a continuous function on R and we have
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and when 0・'aく1/4,

Ii号meas {- 0 1) 

1. Introduction and Theorems

In this note,we will deepen the theorem of N.G.Gamkrelidze [3]. We show that it holds 
for more weak gaps than Hadamard's. In the following,we assume that lilkl is a sequence 
of positive integers such that

(1) ,1?- exp (c,k'-a) as- °°,
(2) 11 ,,/n,,> 1十c2k-a for some (,,c2> 0 and 0・'a く1,

where ak- b?means a lbf -- 1as k- oo.
Then we can prove the following.

THF,OREM 1. Under the conditions (1)and (2), let f (x )= ∑ 11?1cos 27[n?.x'. Then ωe
合 1 

f (x 十h )--f (,1,1 if 0∠ta・∠1/4, 
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f (x十h )-f (x) 

COROLLARY. Let b bc an integer larg,or than un ity and let f (.,c)= ∑b-「'cos 2?bnx
n ・ 1 

Then ue have

1 1 11m _ _ _  (x十h)- f (x) 

f (?十h)- f (x) 

= ta .e 

一' h_1 一 一 l - 'u' ''' ? - - - j一 、-yJ 、/2πJ _? ? 一一2?h、 2 1ogb l h l

Next we show the similar result to hold for the Walsh-Paley system as the result for the 
Trigonometric system_ We give the simple properties and definition in4. In5,the proof of 
Theorem2 1s only to show for i)and 2)is abbreviated as easy.

THEOREM2. Under the conditions (1)and (2), let f ()11)= ∑n-i, On.(x). Then f ()1;)1

Is (W -)continttous and sattsf zed t1、1e fo11om ・ng tlroperties : 

2 Preliminary

Weusethe fo11owing relations toproveour theorem;

' 2 β

(3) cos(a,+β)-cosa = -sma smβ一2cosa sm 2

(4) sin ?:= .x- ej for some 0∠_e '1, if l.t, ∠1

(5) for any i >0,thereexists an integer o々 such that
(1- E)e ''?'?< n k< (1十E)e ''k' ' il k > ko

(6)

-e 一二 、a(j 一一 } {_e ? V- (1))jf 0< a∠1/4

(1 - a )c ,' ∑ (1 - a )c 2 ' ' -< 11k< as N一→°°
-e,;1 (1- (7(1)) - e・e l-eC'?(1十0(1)) if a= 01 
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Since (3)and (4)is elementary and (5)is evident from (1),we show (6). Fore<a・'1/4, 
using (2 ) and 1十?11、・e l'-a'・' if 0 < x ? o

f l k,/11?,< (1十c ・(t v - 1)-' )-'(1十c z(f v - 2 ) a )-'- - (1十(2k -';')-1
f 1

く e - -at ∑ j ' if k < N and c 2k-a∠_o .
・ , , 免

Hence,for sufficiently large ~,

j  f,k∠_n.(、,j ,exp(- c2[,~'-a- k '])+ o(]))

< n (e・-- v'-・f二 e- -・dx」一。(1))
''1h 1、1'/(1- a )C2(1十0(1)).

From (5)and noting that fer N'such that (.tv')'-a∠_(1- E)f、' a< (fvf十1)' a,

i  f,k> i n >?1-?;) i  e- >- ? _ε f :? e (-t--)a''a'dt? l ? 、' k - '' C l a ) I l l - ・ _ - ' C l

> -? j? ? :-)e e l ・、 ac , a

a=01s shown as similar case. Thus we have proven (6). 

3. Proof of the Theorem 1

It is clear that the f (x)is continuous on R since the series is uniformly convergent. For 
any 11?0,there exists an integer N such that

・ ,V '- 1

Σ n k∠'(27「 l b j) < ∑ n k.
k l ? - l

Thus for such 11,

f (x一†一11)- f (x )=二(kj ,十,j ,)nk lcos 2f[nk(x十h)- cos 27[rlkx}三i 十12,say.

Then,from (5)we can estimate I2as follows,

l'21- i ,nk'= o(ki ,e ( )=°(e ''- ).

( ) ( )
:、

f ,= 一 ∑ 11? 1 s jn 2 ,7 j1?.?- s in 2 7[11.h - 2 ∑ n -kl c o s 2 f[n kx s in 2 ? ?1 h - .1 十f 4, Sa y .
々 1 あ, 1

? 、・

F o r  i , l f 4 1 .一 ∑ 11? '(f[11 11 )2 - 2 7 2h 2 ∑ n ,'' 7l lz2 l h 1--1= π l b j_
是,・ l i i - 1 

S ince 127 11 11? '27[11? 1h ∠ 

we have 
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f - - ?? , 11? ' s in 2 7,11k.x j 2 ,T_ - 2 (2 ? _ )'?

1 ・

_ - 2 fl h ∑ s in 2 f[n k,? -1- 2 1r 2h 2 ∑ e ll ? s in 2 f[ n ?x
k t _ 1

-  f .十16, sa y .

、

Therefore,116 ∠21r21f ∑nk? f[lb j_
必.- 1

For simplicity,we use (?(u)=v/?ui ' i log u ii u1、・e. Then it holds as follows
f2/21th,f (log 1/2-,・lb j)= 0 (fv '10(10g 1/2fr l h 1))= 0 (tv 2a ''/loglog 1/2711 h i)= o(1)

and (1十16)/2f[he(log 1/2,7 1h 1)= 0 (1/?,(log 1/2πlb j))= o(1) since 0∠'a ? 1/4 and (6) 
By S.Takahashi's theorem [4],we have

1・

∑sin 2f[n x;
11m 一生二-' - - _ 一= 1 a e
;~, - n m A 「 ;

Hence we can easily calculate;

、/,N-log log fv / - - 1 - -

?i? - (1= 1, )-=、,/-(:,, al a-j ・?' jog l b j

Combine this with the above fact and we obtain

. f (?+ h)- f (x) /:二: 1二二
1jTI SuP j ?j? (? ◆ ft 1)= v c,1'-at(1_ a),a・e-

To prove 2)of the Theorem 1,we use again S.Takahashi's theorem [5]and we have

,,_ _ _ f ._.:::::rn ,?. _ .f l(.''-11'_) f (X) _ ,_,、_ _ ,し_ _1 「' _,f ?_
11 1 11t :a 、:' t ・' ? tv , i i , 1 / - - j - - 1 二二 、 t・ l - u '-y j 一 、/ 11

2,rf,v/- (log - - )'2 f 2

which completes the proof.
Proof of Corollary is obtained from Theorem l since b?= e'''°gb 

4_ Notations and Definitions for Walsh system

Let {0,,(x)}be Walsh-Paley system on [0,1)and十be the group operation which N.J. 
Fine defmedon the interval [0,1). In relation to the Walsh functions and the operation +, 
it is known as follows;for every nonnegative integer kand.x? [0,1),Ok(x十t)= Ok(x)?,k(t) 
holds except for fmite points IE[0,1)_ Here we defme the derivative concept for the Walsh 
functions introduced by P_L.Butzer and HJ.Wagner.
Defmition.([1])A real-valued function f (x)is said to be dyadicaliy differentiable at a 

point .?,E [0?1)if f (t)is defined at x and 11,十2-' ,n-0,1,- ,and if the sequence
、 一 1 '

(7) d 、,(f ,,? )=二∑ 2''-'(f (x )- f (.,-+ 2-'' '1)
f1

converges as ~- 00_ In this case,we shall denote the limit of (61by df(x)and call it the 
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dyadjc derivative of f  at ;l. It is known that every Walsh function is dyadically 
differentiable on [0 1)wjth dok=k?,k k=0,1,- ,and that if f、1and kare any non-negative 
integers and if k。satisfies 0?ko<2-、and k=k (mod 2?)then

(8) ∑2'-'(1-??(2- -))= ko.
爲= 0

5. Proof of the Theorem2

For sufficient large integer N,there exists a J=f(N)such that nJ∠一2f'<nJ.,. Since n 

-exp(o k''),we have J-(-c?-,-1ognJ) l 1-(c 'N log2) l'-'1 NOW,
1 

dv(f ,,x,)= ∑ 2 '(f (x )- f (r十2-' ))
0

= ∑'2?'-f i n -kt[?,. (x')一一 t十2 n ')]
? C ? l

=i 一 一 (i 2?-'[,一一 一n ')]),

J _ 1 n _ 1 ,

= ∑ n ? n ??,n.1x )十 ∑ n ? k Or .(x )
是_- 1 ルー、f - l 

-= I i一「f2,Say-

we can easily estimate as follows,since k <2'V,

1j 1' j n-?'2?∠_2、c '「 e -C- 'dx∠2、c,-'e l f' 'Const_j a.

For t hy A Foldes'theorem [2],we have
一  11 _1,m--__ ---・f _1,a.e_
.,-? v/2f 1og1ogJ

Therefore,

jjm d?(f ?1) = jlm ?7? _? _ _ _? j・? g??? j: - =1、/~ 2) a
?/2、 11 1og1og N  log log j v/2N 1og1og N '

which completes the proof of Theorem2,1) To prove 2)of theorem2,we can use again 
A.Foldes'theorem 「2]and we shall abbreviate it.
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