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Abstract

In the note we sharpen the theorem of N.G. Gamkrelidze and show that under the
conditions n,—exp(cik' %) as koo and ne../n.>1+ k™ for some ¢,, ¢:>0 and 0L a <

1/4 and let f(x)= 3 ni' cos 2mnsx, then f(x) is a continuous function on R and we have
R

Im S+ h)—flx) -/ ,,,,,,,,,,,L__M.wm, a.e
w0 2h/log 1/1 h DV (loglog 1/ ) YV ai® “(l—a) =
and when 0 £ e <1/4,
4
lim meas {x&(ﬂ, 1}; Pt S0 e Dyt = [ e‘m( Xf) ) dx.

2;zizv é ‘ogl/Eh;}‘” «

1. Introduction and Theorems

In this note, we will deepen the theorem of N.G. Gamkrelidze [3]. We show that it holds
for more weak gaps than Hadamard's. In the following, we assume that {x.} is a sequence
of positive integers such that

(1) ne—exp (¢ k' ¢) as—— oo,
(2) e /ne>1+c.k for some ¢y, ¢.>0 and (<£a<l,

where ¢,~ b, means g,/b,——1 as k— 0.

Then we can prove the following.

THEOREM 1. Under the conditions (1) and (2), let f(x):kzl nitcos 2anex.  Then we
have

Flcth)—fx) S o
L) 1»3 o (Vog /TR @ (loglog 1/ hD V"5 (1—a) ae.if 0£a<l/4,
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2)  lim meas {xE(O, 1); j(; Hl)g_{“ﬂlpg\ <t "”y}
Zﬁlzvf 5 <log 7 f)

= e dr, if 02a<1/4.

COROLLARY. Let b be an integer lavger than unity and let f(x)= ‘i b " cos2abx.
ne=1

Then we have

flx+h)—f(x)

1) Ihmg - T T =la.e.,
o 1 o
: [ - o S +h) - flx) }:m;: ¥ x
2) 1}3{1; meas 1xt(0, 1); . /1——{»~~» -1w<y L [me 2 dx.
Ty o 108 e T

Next we show the similar result to hold for the Walsh-Paley system as the result for the
Trigonometric system. We give the simple properties and definition in 4. In 5, the proof of
Theorem 2 is only to show for 1) and 2) is abbreviated as easy.

THEOREM 2. Under the conditions (1) and (2), let f(x)zgl1 ne' dnlx). Then f(x)

is (W =) continuous and satisfied the following properties

JE— ‘
1) im dx(/. x)/ 2N % log log ;wf:<~19§~2<)2"‘”’. ge. if 02as1)2,
Neoo i
2)
/ I
. 7 ) o NN 10g2)€?1“:27 }:17 oo x s 9
l\ml meas {,XE(O,I), d:»(/,x),v]‘w a( c 3y Ner: .[mé sdx, if 0La<l/2.

2. Preliminary

We use the following relations to prove our theorem ;

(3) cos(afﬂ?—[?)—cosa*—sinasin[)’*chosa'sinzg,
, - %4 . : )
(4) sin = x— for some 0<£h<l, if |x|<£l,

(5) for any >, there exists an integer k, such that

(1—ele " "< na<(l+e)e™ ™ if k> ky,

(6)
oy 1 e(gN’% a

T N @ — { L N R - ra + . SNy,

(1*’&’)(‘1N (1=0(1)) X ) (}_Q’)(‘ZA (1+o(1))if 0<e<l/4
> <! &}:2;‘1 i C1 as N > OO,
Sty C oY (1+0(1) if @=0

et 1 et -1
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Since (3) and (4) is elementary and (5) is evident from (1), we show (6). For0<ae<£1/4,

using (2) and 1+-x>¢" 9" if 0<x £ 8,
}l,}/ﬂ,\f<(1*§‘C2(Ai’v41)Kva)»x(l"i'Cz(A'r "’Z)Ma)

N-1
< etira g qf <N and kL4,
JEkR

Al k)

Hence, for suthciently large N,
N
%} exp(— ¢ [N e — 4! ""]>+ o{1))

N
2 ks m(
N1 N=T -1
-z Nt j—
<m<e can [ e dy + 0(1})
sk

ZuwN (1—a)c{1+0(1)).

From (5) and noting that for N such that (N )} ¢2(l—e)NT*“<(N +1)' ¢,

C N aft-aj
> _ [STH “/,,,— f (ﬁi>
2 e 2 ne>(1—¢) Z‘, e SR I dt

) 1‘5 £ N1-a o
oo N

@ =0 is shown as similar case. Thus we have proven (6).

3. Proof of the Theorem 1
[t is clear that the f(x ) is continuous on R since the series is uniformly convergent. For

any /1 +0, there exists an integer N such that

N+1

EE neZQ2rlhly EQZ W

Thus for such 7,

N

et - Flx ),<2 B

> )n;’ {cos 2mnulx+h)—cos 2anwx} =1L+ 1, say.
N1

Then, from (5) we can estimate /, as follows,

S

PAEEDS) ;;;5:0< 3 oo “’):ow )

=N+
To estimate [, we use (3) and (4),

N N
L=~ nitsin 2znex sin 2an.h—2 23 ni' cos 2anex sin® wnih =15+ 1., say.
ot =

N N o
For [, | 1] 4?2 ;1 i =212 h? QZ} e Lah®\ hl ' =xlh|

N A
Since | 2xnsdi | £2mn. | 1| é(;,z m) neslif BLN,

we have
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[3= — ;2 nz'sin 27{;'7;1,@:{27572&1@—";%'(‘27{%,(& )d}

4

N N
==27h 2} sin2an.x+27%h* 2 Oune SIn 270kx
i=1 b=t

= [+ I, say.

Therefore, | Is| £27%h? 2} na<alhl

For simplicity, we use ¢( w)=v(u'* “log u if u>e. Then it holds as follows
L/2xh¢Qog /22 h )= O(N*/¢Qog 1/ 27 | h1))=O(N*"*/loglog 1/ 27 | h |}=0(1)
and (/,+1s)/ 2zh¢(og 1/ 2x LR )= 00 /¢Qog 1/ 27| h]))=0(1) since 0£a<1/4 and (6).

By S. Takahashi’s theorem [4], we have

o 2 sin 27mn.x
1»1 ~w N loglog N =l ae

Hence we can easily calculate ;

Yo A —
Va0 e

i
"o ¢ <Iog T%ﬁ>

Combine this with the above fact and we obtain

by L= fG) T
WISUD Y g (og 1/ Th D)~V 0 9(1—g) ¢

To prove 2) of the Theorem |, we use again S. Takahashi’s theorem [5] and we have

fx+h)—Flx) —— D T SRy
/PW _T__,}_I_a, <c 1 201 ajy j V/’Z;'; ,},m e 2 d’x,
Qxlzx <10g, ul )

Lign meas {xE [0, 1):

which completes the proof.
Proof of Corollary is obtained from Theorem I, since p*= ¢*'?% .

4. Notations and Definitions for Walsh system

Let {¢,(x)} be Walsh-Paley system on [0, 1) and + be the group operation which N.J.
Fine defined on the interval [0, 1). In relation to the Walsh functions and the operation +
it is known as follows ; for every nonnegative integer £ and x=[0, 1), q?k{xwL £)=¢ulx)¢t)
holds except for finite points t<[0, 1). Here we define the derivative concept for the Walsh
functions introduced by P.L. Butzer and H.J. Wagner.

Definition. ([1]) A real-valued function f(x) is said to be dyadically differentiable at a
point x& [0, 1) if f(#) is defined at x and x 4;'2’""‘, n=0, 1, ---, and if the sequence

(M) A/, )= 2 2 0= flr bz )

converges as N——oo_ In this case, we shall denote the limit of (6) by 4f(x) and call it the
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dyadic derivative of f at x. It is known that every Walsh function is dyadically
differentiable on [0, 1) with d¢,= k¢, £=0, 1, ---, and that if N and # are any non-negative
integers and if 4, satisfies 0 £ £, < 2" and k= k.(mod 2%) then

(8) 20 27 (1 (2" ) = ko

5. Proof of the Theorem 2
For sufficient large integer N, there exists a j= j(N ) such that »,£2"<u,.,. Since n,

. . 1{i-a) . e
~exp (ck£179), we have J~<—~1 -log n,) ~(ci'N log2)V""". Now,

1

N-

A/, )= 2 2 0 fle i)
N-1 o .
=227 B 0= g2
o N —1 3
SPRTNED S 2" 1 (2],
k=1 =0

noting £ = n.(mod 2"),

:;Z} ' Nen(x H—kz ! nitk' ¢ (x)
=
=I[+1,, say.
we can easily estimate as follows, since £ <27,
L1 2 wnei2v¥<e2¥cei? [ e M dx £2%¢i e j L Const. JC.
E=j+1 v

For [,, by A.Foldes’ theorem [2], we have
e I

lm 5 oglog 7 1" 46~
Therefore,
no U0 ool . /(g2
fim /,..,ri;?l,(,f -2 —Tim e 0’; e Y loglog/___;. ( _19({;)1 |
‘ \’/ 2N T2 loglog NV Ve \/ 2N7Ta loglog N o

which completes the proof of Theorem 2, 1). To prove 2) of theorem 2, we can use again
A.Foldes’ theorem [2] and we shall abbreviate it.
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